
J Math Chem (2010) 48:78–82
DOI 10.1007/s10910-010-9690-6

ORIGINAL PAPER

Information-theoretic approach to kinetic-energy
functionals: the nearly uniform electron gas

Luca M. Ghiringhelli · Luigi Delle Site ·
Ricardo A. Mosna · I. P. Hamilton

Received: 10 August 2009 / Accepted: 26 April 2010 / Published online: 1 June 2010
© Springer Science+Business Media, LLC 2010

Abstract We strengthen the connection between information theory and quantum
mechanical systems using a recently developed dequantization procedure which results
in a decomposition of the kinetic energy as the sum of a classical term and a purely
quantum term. For the nearly uniform electron gas, we thereby approximate the non-
interacting kinetic energy as the sum of the Thomas-Fermi term, which is exact for
the uniform electron gas, and the Weizsäcker term, which is proportional to the Fisher
information. Electron correlation is included via a nonlocal analytical expression
which is a functional of the (N -1)-conditional probability density. This expression
is evaluated via a statistically rigorous Monte-Carlo procedure to obtain the corre-
lation energy as a functional of the electron density. We show that this functional is
well aproximated by a term which is proportional to the Shannon entropy. Thus the
kinetic energy is expressed as the standard Thomas-Fermi term plus terms which are
proportional to two of the cornerstones of information theory: the Fisher information,
which is a measure of localization, and the Shannon entropy, which is a measure of
delocalization.
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1 Introduction

The great potential of quantum information science [1] has led to an increasing interest
in the connection between quantum mechanics and information theory. Two of the cor-
nerstones of information theory are the Fisher information, [2,3] which is a measure
of localization, and the Shannon entropy, [4] which is a measure of delocalization.
The Fisher information and the Shannon entropy are complementary quantities and,
for atomic systems, they have been used in conjunction to analyze electron correlation
and other electronic properties for which electron localization and electron delocal-
ization are simultaneously important. [5,6] Recently, we suggested [7] that the Fisher
information and a term analogous to the Shannon entropy could be used in conjunction
for the construction of kinetic-energy functionals in density functional theory. [8] In
this paper we strengthen the connection between quantum mechanics and information
theory via an information-theoretic construction of the kinetic-energy functional for
the nearly uniform electron gas.

Our starting point for the construction of the kinetic-energy functional is the uniform
(noninteracting) electron gas. For this system the kinetic-energy functional is given
exactly by the Thomas-Fermi term, [9,10]

TTF = 3h̄2

10m
(3π2)2/3

∫
ρ5/3d3r. (1)

For the nearly uniform electron gas, no exact kinetic-energy functional is known. For
this system, we obtain an approximate but accurate expression for the kinetic-energy
functional as the sum of three terms: the standard Thomas-Fermi term, a term propor-
tional to the Fisher information, and a term proportional to the Shannon entropy.

The Fisher information is

IF =
∫ |∇ p(r)|2

p(r)
d3r (2)

where p(r) = p(r1) = ∫ |ψ(r1, . . . , r N )|2 d3r2 . . . d3r N is the one-electron proba-
bility density. The electron density, ρ(r), is related to the one-electron probability den-
sity by ρ(r) = N p(r). Thus IF is a functional of the electron density and the greater
the localization of ρ(r), the greater the value of the Fisher information. An alterna-
tive starting point for the construction of kinetic-energy functionals is the hydrogen
atom. For this system the kinetic-energy functional is given exactly by the Weizsäcker
term [11]

TW = h̄2

8m

∫ |∇ρ(r)|2
ρ(r)

d3r. (3)

Comparison of Eqs. 2 and 3 shows that the Weizsäcker term is identical in information

content to the Fisher information (with TW = Nh̄2

8m IF).
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The Shannon entropy is

ES = −
∫
ρ(r)ln(ρ(r))d3r. (4)

Thus ES is a functional of the electron density and the greater the delocalization of
ρ(r), the greater the value of the Shannon entropy.

2 Kinetic energy decomposition

We have developed a dequantization procedure, first based on the Witten deformation
[12] and subsequently based on a variational principle, [13] which results in a decom-
position of the kinetic energy as the sum of a classical term and a purely quantum
term. The N -electron kinetic energy, TN , can be expressed as

TN = TC,N + TW,N . (5)

Here the N -electron classical kinetic energy is TC,N = 1
2m

∫
pN |∇SN |2d3N r where

pN is the N -electron probability density. The N -electron purely quantum kinetic

energy is the N -electron Weizsäcker term, TW,N = h̄2

8m IF,N , where IF,N =∫ (∇ pN )
2

pN
d3N r is the N -electron Fisher information.

We recently [14] showed that the N -electron Weizsäcker term, TW,N , can be decom-
posed as TW (a one-electron term) and a purely quantum kinetic correlation term, T corr

W ,
which is given by

T corr
W = h̄2

8m

∫
ρ(r)IF

f
one(r)d

3r (6)

where

IF
f
one(r) = IF

f
one(r1) =

∫ [∇r1 f (r2, . . . , r N |r1)
]2

f (r2, . . . , r N |r1)
d3r2 . . . d

3r N (7)

and f (r2, . . . , r N |r1) is the probability density associated with a set of values for
r2, . . . , r N given a fixed value for r1. Thus, as discussed in more detail by Delle
Site, [15] the purely quantum correlation term is a functional of the (N -1)-conditional
probability density.

Then, assuming that the N -electron classical kinetic energy can be decomposed as
TC (a one-electron term) and a classical kinetic correlation term, T corr

C , we can write

TN = Ts + T corr
C + T corr

Q (8)

where the noninteracting (or single-electron) kinetic energy is Ts = TC + TW .
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Fig. 1 Calculated values of

IF
f
one(r) as a functional of the

electron density, I (ρ). The solid
line, which is our fit to the
points, has the functional form
A + B ln(ρ)
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3 Results and discussion

For the uniform (noninteracting) electron gas, TW is zero, and we have argued [14]
that TC is identical to TTF . In this paper we consider the nearly uniform electron gas
for which the nonuniformity is due solely to electron correlation. It seems reasonable
to assume that the electron-electron interactions cause microscopic “wrinkles” in the
electron density which average to zero over macroscopic regions (on an atomic scale).
We therefore expect that TC is close to TTF and that T corr

C is insignificant but that both
TW and T corr

W are significant. We therefore approximate the noninteracting kinetic
energy as TTF + TW and we approximate the correlation energy as T corr

W .
Both TTF and TW are functionals of the electron density but T corr

W is not (cf. Eq. 6).

However, it was recently shown by Ghiringhelli and Delle Site [16] that IF
f
one(r)

can be evaluated via a statistically rigorous Monte-Carlo procedure to obtain T corr
W

as a functional of the electron density, I (ρ). The Ghiringhelli-Delle Site study [16]
showed results for large N values (50, 100 and 250 electrons) corresponding to metals.
In the present paper, we show results for smaller N values (10, 20 and 50 electrons)
corresponding to first and second-row atoms in Fig. 1 and it is clear that I (ρ) has
essentially no dependence on the number of electrons. It may be seen from Fig. 1
that the Monte-Carlo procedure suggests a logarithmic dependence of I (ρ) which
results in a Shannon entropy expression for T corr

W . Thus the solid line, which is our
fit to the points, has the functional form A + B ln(ρ) with A = 0.880 ± 0.021 and
B = 0.221 ± 0.011 and these values for smaller N are in agreement with those for
large N [16].

The kinetic-energy functional for the nearly uniform electron gas is thereby
expressed as the sum of the standard Thomas-Fermi term and terms which are pro-
portional to two of the cornerstones of information theory: the Fisher information,
which is a measure of localization, and the Shannon entropy, which is a measure of
delocalization.
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